An optimized interatomic potential has been constructed for silicon using a modified Tersoff model. The potential reproduces a wide range of properties of Si and improves over existing potentials with respect to point defect structures and energies, surface energies and reconstructions, thermal expansion, melting temperature and other properties. The proposed potential is compared with three other potentials from the literature. The potentials demonstrate reasonable agreement with first-principles binding energies of small Si clusters as well as single-layer and bilayer silicenes.
I. INTRODUCTION
Silicon is one of the most important functional materials widely used in electronic, optical, energy conversion and many other applications. Not surprisingly, Si has been the subject of many classical molecular dynamics (MD) and other large-scale atomistic computer studies for almost three decades. Although classical atomistic simulations cannot access electronic or magnetic properties, they are indispensable for gaining a better understanding of the atomic structures, thermal and mechanical properties of the crystalline, liquid and amorphous Si and various nano-scale objects such as nano-wires and nano-dots. Atomistic simulations rely on semi-empirical interatomic potentials. The accuracy of the results delivered by atomistic simulations depends critically on the reliability of interatomic potentials.
Several dozen semi-empirical potentials have been developed for Si. Although none of them reproduces all properties accurately, there is a trend towards a gradual improvement in their reliability as more sophisticated potential generation methods are developed and larger experimental and first-principles datasets become available for the optimization and testing. The most popular Si potentials were proposed by Stillinger and Weber (SW) 1 and Tersoff.
2-4 The original Tersoff potentials were modified by several authors by slightly changing the analytical functions and improving the optimization. [5] [6] [7] [8] [9] [10] Other Si potential formats include the environment-dependent interatomic potential, 11 the modified embedded atom method (MEAM) potentials, [12] [13] [14] [15] [16] [17] [18] and bond-order potentials.
19,20
One of the most significant drawbacks of the existing Si potentials is the overestimation of the melting temperature T m , in many cases by hundreds of degrees. Other typical problems include underestimated vacancy and surface energies and positive Cauchy pressure (c 12 − c 44 ), which in reality is negative (c ij being elastic constants). Kumagai et al. 7 constructed a significantly improved Tersoff potential that predicts T m = 1681 K in close agreement with the experimental value of 1687 K, gives the correct Cauchy pressure, and is accurate with respect to many other properties. This potential, usually referred to as MOD, 7 is probably the most advanced Tersoff-type potential for Si available today. However, it still suffers from a low vacancy formation energy, low surface energies, and overestimated thermal expansion at high temperatures and the volume effect of melting. The goal of this work was twofold. The first goal was to further improve on the MOD potential 7 by addressing its shortcomings with a minimal impact on other properties. This was achieved by slightly modifying the potential format and performing a deeper optimization. When testing the new potential, we compare it not only with MOD but also with the popular SW potential. 1 We further include the MEAM potential developed by Ryu et al. 14 to represent a different potential format. To our knowledge, this is the only MEAM potential whose melting point is close to experimental. The second goal was to test the four potentials for their ability to predict the energies of low-dimensional structures, such as small Si clusters and single-and double-layer forms of silicene (2D allotrope of Si). Si potentials are traditionally considered to be incapable of reproducing low-dimensional structures. This view is largely based on testing the SW potential. The MOD and MEAM potentials have not been tested for the properties of clusters or silicenes in any systematic manner. Such tests were conducted in this work using all four potentials. The results suggest that the present potential, MOD and MEAM do capture the main trends and in many cases agree with first-principles density functional theory (DFT) calculations. As such, they can be suitable for exploratory studies of thermal and mechanical stability of Si clusters and 2D structural forms of Si. In this work we apply them to evaluate the stability of free-standing single-layer and bilayer silicenes at room temperature.
II. POTENTIAL GENERATION PROCEDURES
The total energy of a collection of atoms is represented in the form
where r ij is distance between atoms i and j and the bond energy φ ij is taken as
Here, the bond order b ij is given by
where
f c (r ij )g(θ ijk ) exp α(r ij − r ik ) β .
The term (1 + ξ ij ) represent an effective coordination number of atom i and f c (r ij ) is a cutoff function. The latter has the form
where R 1 and R 2 are cutoff radii. The outer cutoff R 2 is chosen between the first and second coordination shells of the diamond cubic structure. The angular function g(θ ijk ) has the generalized form
where θ ijk is the angle between the bonds ij and ik. These functional forms are the same as for the MOD potential, 7 except for the new coefficient c 0 that was added to better control the attractive part of the potential. The adjustable parameters of the potential are A, B, α, h, η, λ 1 , λ 2 , R 1 , R 2 , δ, c 0 , c 1 , c 2 , c 3 , c 4 and c 5 . The power β is a fixed odd integer. In the original Tersoff potential 2-4 β = 3, whereas Kumagai et al. 7 chose β = 1. We tried both numbers and found that β = 3
gives a better potential. The free parameters of the potential were trained to reproduce basic physical properties of the diamond cubic (A4) structure and the energies of several alternate structures. Specifically, the fitting database included the experimental lattice parameter a, cohesive energy E c , elastic constants c ij , and the vacancy formation energy E f v . The alternate structures were: simple cubic (SC), β-Sn (A5), face-centered cubic (FCC), hexagonal closed pack (HCP), body-centered cubic (BCC), simple hexagonal (HEX), wurtzite (B4), BC8, ST12, and clathrate (cP46 Some of these structures were found experimentally as Si polymorphs under high pressure, others were only generated in the computer for testing purposes. The parameter optimization process utilized a simulated annealing algorithm. The objective function was the sum of weighted squares of deviations of properties from their target values. Numerous optimization runs were conducted using the weights as a tool to achieve the most meaningful distribution of the errors over different properties. Several versions of the potential were generated and the version deemed to be most reasonable was selected as final. The optimized potential parameters are listed in Table I . The potential has been incorporated in the molecular dynamics package LAMMPS (Large-scale Atomic/Molecular Massively Parallel Simulator) 25 as the pair style tersoff/mod/c.
The transferability of the new potential was evaluated by computing a number of physical properties that were not included in the training database and comparing the results with experimental data and/or DFT calculations available in the literature. The same comparison was made for the MOD, MEAM and SW potentials to demonstrate their strengths and weaknesses relative to the new potential. We utilized the MOD and SW potential files from the LAMMPS potential library. The MEAM potential file was obtained from the developers.
14 The potential testing results are reported in the next Section. Table II summarizes some of the properties of crystalline Si predicted by the four potentials. All properties have been computed in this work unless otherwise is indicted by citations. The defect energies are reported after full atomic relaxation.
III. PROPERTIES OF SOLID SI

A. Lattice properties
The present potential, MOD and MEAM accurately reproduce the elastic constants. The SW potential gives less accurate elastic constants and a positive Cauchy pressure contrary to experiment. 26, 27 The phonon density of states (DOS) and phonon dispersion relations were computed by the method developed by Kong 28 and implemented in LAMMPS. The MD simulation was performed at 300 K utilizing a primitive 16 × 16 × 16 supercell with 8192 atoms. The DOS plots are shown in Fig. 1(a) and the respective zone-center optical frequencies ν max are indicated in Table II . The present potential, MOD and SW predict surprisingly similar ν max values that underestimate the experimental frequency by about 2 THz. The MEAM potential overshoots ν max by about 10 THz and the entire DOS is stretched by a factor of 1.63. Note that none of the four potentials reproduces the sharp peak at about 5 THz arising from the acoustic zone-boundary phonons. Fig. 1 (b) displays the phonon dispersion curves predicted by the present potential. While general agreement with experiment [29] [30] [31] [32] is evident and the longitudinal acoustic branches are reproduced accurately, the potential overestimates the transverse acoustic zone-boundary frequencies and the optical frequencies.
The cubic lattice parameter a was computed as a function of temperature by zeropressure MD simulations. The linear thermal expansion coefficient (a − a 0 )/a 0 relative to room temperature (a 0 at 295 K) is compared with experimental data in Fig. 2 . The SW potential demonstrates exceptionally good agreement with experiment. The present potential slightly overestimates the experiment at temperatures below 1300 K and underestimates at higher temperatures. The negative slope at high temperatures is unphysical, but the overall agreement with experiment is reasonable. The MOD potential gives a similar thermal expansion at low temperatures but over-predicts it at high temperatures. The MEAM potential grossly overestimates the thermal expansion. Given also the poor agreement for phonons, care should be exercised when using this potential for thermodynamic calculations of crystalline Si. Note that neither phonon properties nor thermal expansion were not included in the fitting databases of the potentials.
B. Lattice defects
According to DFT calculations, 33-37 a Si vacancy can exist in several metastable structures. In the lowest-energy structure, the four neighbor atoms slightly move towards the vacant site preserving the tetrahedral (T d ) symmetry and leaving four dangling bonds. A slightly less favorable structure is obtained when one of the four atoms moves towards the other three and forms six identical bonds. This configuration has a hexagonal (D 3d ) symmetry and is referred to as the "dimerized" or "split" vacancy. This vacancy reconstruction eliminates the dangling bonds but increases the elastic strain in the surrounding lattice. (Table II) . Given the large scatter of the DFT formation energies, all four potentials perform almost equally well. There is one exception: the MEAM and SW potentials predict the hexagonal interstitial to be mechanically unstable and spontaneously transform to the tetrahedral configuration. Both potentials overestimate the B-interstitial energy.
Surface energies were computed for the low-index orientations {100}, {110} and {111}. Experiments have shown that these surfaces can undergo reconstructions to several different structures. [40] [41] [42] Reconstructions of the {110} and {111} surfaces are accompanied by a modest energy reduction of about 0.3-0.4 J/m 2 . In this paper, these surfaces were tested in unreconstructed states. By contrast, the dimer reconstruction of the {100} surface to the more stable 2 × 1 structure reduces the surface energy by almost 1 J/m 2 . In this case, both reconstructed and unreconstructed structures were compared with DFT calculations. Table II shows that the SW potential does an excellent job reproducing the DFT surface energies. The MOD potential is the least accurate: it systematically underestimates the surfaces energies for all orientations. The present potential demonstrates a substantial improvement over MOD: all energies are higher and closer to the DFT data. The MEAM potential is equally good for all surfaces except for the unreconstructed {100} structure. The latter is mechanically unstable with this potential and reconstructs to the 2 × 1 structure spontaneously during static relaxation at 0 K. This instability was not observed in the DFT calculations. 43 The surface energy of 1.74 J/m 2 shown in the table was obtained by constrained relaxation of this surface, in which the atoms were only allowed to move in the direction normal to the surface to prevent the dimerization. With the potential proposed in this work, the unreconstructed {100} surface is stable at 0 K and forms symmetrical rows of dimers corresponding to the 2 × 1 reconstruction upon heating to 1000 K and slowly cooling down to 0 K. As another test of the potentials, unstable stacking fault energies γ us were calculated for the {111} and {100} crystal planes. Such faults are important for the description of dislocation core structures. In silicon, dislocations glide predominantly on {111} planes. The spacing between {111} planes alternates between wide and narrow. In the former case the chemical bonds are normal to the planes while in the latter they are at 19.47
• angles.
A generalized stacking fault is obtained by translation of one half-crystal relative to the other in a chosen direction parallel to a {111} plane. Depending on whether the cutting plane passes between widely spaced or narrowly spaced atomic layers, the stacking fault is called shuffle type or glide type, respectively. After each increment of crystal translation, the atoms are allowed to minimize the total energy by local displacements normal (but no parallel) to the fault plane. The excess energy per unit surface area plotted as a function of the translation vector is called the gamma-surface. If the dislocation Burgers vector is parallel to a crystallographic direction hkl , then its core structure is dictated by the {111} hkl cross-sections of the gamma-surface. The unstable stacking fault energy γ us is the maximum energy in this cross-section. Figure 5 displays three cross-sections of the {111} gamma surface computed with the four potentials in comparison with DFT calculations. The figure additionally includes the {100} 110 cross-section for which DFT data is available. The respective γ us values are summarized in Table V . While none of the potentials reproduces the DFT curves well, the SW potential tends to be the least accurate. For some of the cross-sections, the Tersoff-type potentials "chop off" the tip of the curve due to the short range of atomic interactions and a relatively sharp cutoff. It should also be noted that the potentials do not reproduce the stable stacking fault predicted by DFT calculations [ Fig. 5(c) ]. This fault arises due to long-range interactions and is not captured by these potentials.
IV. MELTING TEMPERATURE AND LIQUID PROPERTIES OF SI
The melting temperature was computed by the interface velocity method. A periodic simulation block containing a (111) solid-liquid interface was subject to a series of isothermal MD simulations in the NPT ensemble (zero pressures in all directions) at several different temperatures. The interface migrated towards one phase or the other, depending on whether the temperature was above or below the melting point. The total energy of the system was monitored in this process and was found to be a nearly linear function of time. The slope of this function gives the rate of the energy change due to the phase transformation. A plot of this energy rate as a function of temperature was used to find the melting point by linear interpolation to the zero rate (Fig. 3) . For the present potential, the melting temperature obtained was found to be T m = 1687 ± 4 K (the error bar is the standard deviation of the linear fit). This temperature is in excellent agreement with the experimental melting point of 1687 K, even though it was not included in the fitting procedure.
To verify our methodology, similar calculations were performed for the MOD potential. The result was T m = 1682 ± 4 K, which matches 1681 K reported by the potential developers.
7 For the SW potential, the same method gives T m = 1677 ± 4 K. This number is consistent (within the error bars) with T m = 1691 ± 20 K obtained by thermodynamic calculations. 44 The energy rate versus temperature plots for the MOD and SW potentials can be found in the Supplemental Material to this paper.
45 Table II summarizes the predictions of the four potentials for the latent heat of melting L and the volume effect of melting ∆V m relative to the volume of the solid V solid . None of the potentials reproduces these properties well. The present potential gives the most accurate volume effect ∆V m /V solid but the least accurate latent heat L. The MOD potential predicts a better value of L but overestimated the volume effect a factor of two.
Prediction of structural properties of liquid Si presents a significant challenge to interatomic potentials. The nature of atomic bonding in Si changes from covalent to metallic upon melting, 46 causing an increase in density. In this work, the structure of liquid Si was characterized by the pair correlation function g(r) and the bond-angle distribution function g(θ, r). These functions were averaged over 300 uncorrelated snapshots from NPT MD simulations under zero pressure at 1750 K using a simulation block containing 6912 atoms. The angular distribution g(θ, r) was computed for bonds within the radius r m of the first minimum of g(r) and normalized by unit area under the curve. The results are shown in Fig. 4 . The present potential turns out to be the least accurate for the liquid properties. The first maximum of g(r) is too high and the first minimum too deep in comparison with experiment. 47 The other potentials perform better but still show significant departures from the experiment. For the bond-angle distribution, the results computed with the four potentials are very different and none agrees with the DFT simulations. The DFT simulations (ab initio MD) 48,49 yield a broader distribution with two peaks of comparable height centered at 60
• and 90
• . The present potential strongly underestimates the 60 • peak, overestimates the peak at 90
• , and creates another peak at the tetrahedral angle of 109.47
• . Using the other potentials, the position of the large peak varies between 90
• and 109.47
• . Overall, our potential overestimates the degree of structural order in the liquid phase. This seems somewhat surprising given that this potential predicts the most accurate volume effect of melting. Tables III and IV show the equilibrium energies of several crystal structures of Si relative to the diamond cubic structure and the respective equilibrium atomic volumes. All these structures were included in the potential fitting procedure except for two. The h-Si 6 structure was recently found by DFT calculations as a new mechanically stable polymorph of Si attractive for optoelectric applications due to its direct band gap of 0.61 eV and interesting transport and optical properties. 50 The h-Si 6 structure is composed of Si triangles forming a hexagonal unit cell with the P6 3 /mmc space group. Si 24 is another mechanically stable polymorph that has recently been synthesized by removing Na from the Na 4 Si 24 precursor.
V. ALTERNATE CRYSTAL STRUCTURES OF SI
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The orthorhombic Cmcm structure of Si 24 contains open channels composed of 6 and 8-member rings. This polymorph has a quasi-direct 1.3 eV band gap and demonstrates unique electronic and optical properties making it a promising candidate for photovoltaic and other applications. The h-Si 6 and Si 24 structures were used for testing purposes to evaluate the transferability of the potentials. All structures were equilibrated by isotropic volume relaxation without local displacements of atoms. For the HCP and Wurtzite structures, the c/a ratios were fixed at the ideal values. For the simple hexagonal, β-Sn and h-Si 6 structures, c/a was fixed at the DFT values of 0.94, 0.552 and 0.562, respectively. It is worth mentioning that the present potential and MOD predict the wurtzite phase to be mechanically unstable at 0 K, which appears to be a generic feature of Tersoff-type potentials.
In Tables III and IV , we compare the predictions of the four potentials with DFT calculations available in the literature. Since the tables are overloaded with numerical data, we found it instructive to recast this information in a graphical format. In Figs. 6 and 7 we plot the energies (volumes) predicted by each potential against the respective DFT energies (volumes) computed by different authors. The bisecting line is the line of perfect correlation. The first thing to notice is the large scatter of the DFT data reported by different sources, which makes a comparison with potentials somewhat ambiguous. For each potential, the agreement was quantified by the root-mean-square (RMS) deviation of the data points from the bisecting line. The RMS deviations obtained are shown in the last row of Tables III and IV. It should emphasized that these RMS deviations reflect not only the differences between the potentials and the DFT calculations but also the scatter of the DFT points themselves. Thus, only comparison of relative values of the RMS deviations makes sense. It should also be noted that the energy deviations are strongly dominated by high-energy structures, such as the close-packed FCC and HCP phases. With this in mind, it is evident that the present potential is the least successful in reproducing the structural energies, whereas the MOD potential is the most successful. For the atomic volumes, however, the present potential and MOD are equally accurate, while the SW and MEAM potentials show significantly larger deviations.
It is interesting to note that the present potential gives the most accurate predictions for the energy and volume of the novel h-Si 6 and Si 24 structures that were not included in the fitting database. The MOD potential comes close second, whereas the MEAM and SW potentials are significantly less accurate. The energy-volume plots for several selected structures can be found in the Supplemental Material to this article. 45 
VI. SILICON CLUSTERS
Structure and properties of small Si clusters offer a stringent test of interatomic potentials. Potentials are usually optimized for bulk properties, whereas the clusters display very different and much more open environments in which the coordination number and the type of bounding may change very significantly from one structure to another. Si poten-tials are traditionally considered to be incapable of reproducing cluster properties, unless such properties are specifically included in the fitting process as in the case of the Boulding and Andersen potential. 52 It was thus interesting to compare the predictions of the four potentials with first-principles calculations.
Figs. 8 and 9 show the structures of the Si n (n = 2 − 8) clusters tested in this work. Several different structures are included for each cluster size n whenever first-principles data is available. Such structures are labeled by index m in the Si n .m format in the order of increasing cohesive (binding) energy according to the DFT calculations.
53 Thus, the structure labeled Si n .1 represents the DFT-predicted ground state for each cluster size n (except for the dimer Si 2 that has a single structure None of the potentials predicts the correct ordering for all DFT/QC energies. The present potential and MOD show about the same level of accuracy, but the present potential makes less mistakes in the ordering. Both potentials tend to slightly under-bind the clusters. The MEAM potential is the most successful in reproducing the cluster energies, except for the dimer energy for which it is least accurate. There are mistakes in the ordering, but overall the deviations from the first-principles calculations are about the same as the difference between the two first-principles methods. The SW potential performs poorly: for some of the clusters, the binding energy is underestimated by more than 1 eV/atom. For the infinite atomic chain, the present potential and MOD are in closest agreement with the DFT/QC energies (Table VI) . This comparison leads to the conclusion that, at least for the cluster structures tested here, the present potential, MOD and MEAM are quite capable of predicting the general trends of the cluster energies with a reasonable accuracy without fitting. 
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The planar (graphene-like) silicene [ Fig. 11(a) ] is mechanically unstable and spontaneously transforms to the more stable buckled structure [ Fig. 11(b,c)] . [77] [78] [79] The latter has a split width ∆ of about 0.45-0.49Å and a first-neighbor distance r 1 slightly different from that in the planar structure. 70, 77, [79] [80] [81] [82] Furthermore, adsorption of Si ad-atoms on the buckled silicene creates a series of periodic dumbbell structures that are even more stable.
76,78,81
An ad-atom pushes a nearby Si atom out of its regular position and the two atoms form a dumbbell aligned perpendicular to the silicene plane. The dumbbell atoms have a fourfold coordination (counting the dumbbell bond itself) consistent with the sp 3 bonding. One of the best studied dumbbell silicenes has the √ 3 × √ 3 structure shown in Fig. 11 (d,e,f) (the dumbbell atoms are shown in blue and green). The dumbbells distort the hexagonal structural units and create three slightly different nearest-neighbor distances: r I,II , r II,III and ∆ III,III [ Fig. 11(f) ].
The energies and geometric characteristics of the three silicene structures predicted by the four potentials are listed in Table VII . The results of DFT calculations reported in the literature are included for comparison. The agreement with the DFT data is reasonable, especially considering that the 2D structures were not included in the fitting datasets of the potentials. The present potential, MOD and MEAM demonstrate about the same agreement with the DFT calculations. The SW potential tends to be less accurate. For the planar structure, the MOD potential is the most accurate, followed by the present potential, MEAM and then SW. All four potentials correctly predict that the planar structure is mechanically unstable and transforms to the buckled structure. The present potential, MEAM and SW correctly predict that the √ 3 × √ 3 dumbbell structure has a lower energy than the buckled structure. By contrast, the MOD potential predicts that the √ 3 × √ 3 dumbbell structure has a higher energy, which is contrary to the DFT calculations. All four potentials overestimate the split width ∆ in the buckled structure and the distance ∆ III,III between the dumbbell atoms in the √ 3 × √ 3 structure, the present potential being closest to the DFT data.
Thermal stability of single-layer silicenes has been evaluated by MD simulations. The simulated systems were subject to periodic boundary conditions at zero pressure. Fig. 12 demonstrates that a nano-ribbon of buckled silicene is unstable at finite temperatures and quickly collapses to a cluster before temperature reaches 300 K. Likewise, a free-standing sheet (flake) of buckled silicene (Fig. 13) collapses into a cluster with the shape of a bowl when temperature reaches 300 K. The nano-ribbon and nano-flake made of the √ 3 × √ 3 dimerized silicene collapse as well.
A single-wall nano-tube was also tested for thermal stability. The latter was obtained by wrapping a layer planar silicene into a tube 49Å in diameter (Fig. 14) . The period along the tube axis was 122Å. As soon as temperature began to increase starting from 0 K, the wall of the tube transformed to the buckled structure and then collapsed before the temperature reached 300 K. Qualitatively the same behavior of the single-layer silicene structures was found with all four potentials. In all cases, the single layer silicene easily developed waves due to thermal fluctuations until neighboring surface regions came close enough to each other to form covalent bonds. Once this happened, the bond-forming process quickly spread over the entire surface and the structure collapsed. This chemical reactivity and the lack of bending rigidity are the main factors that cause the instability of free-standing single-layer silicenes at room temperature.
B. Bilayer silicenes
Another interesting 2D form of silicon is the bilayer silicene. 68, 73, [83] [84] [85] [86] [87] Like the single-layer silicene discussed above, the bilayer silicene was found experimentally on top of metallic surfaces such as Ag (111) . 68, 83, 85, 87 By contrast to bilayer graphene, the interlayer bonds in bilayer silicene are covalent sp 3 type. As a result, the formation of a bilayer is accompanied by a significant energy release. It can be expected, therefore, that bilayer silicene should be more stable than two single layers. Several structural forms of the bilayer silicene have been found in experiments and studied by DFT calculations, depending on the type of stacking of the two layers and whether they are planar or buckled. 68, 73, [83] [84] [85] [86] [87] Three of the structures, referred to as AA p , AA and AB, are shown in Fig. 15 . The AA p structure is obtained by stacking two planar silicene layers (A) on top of each other and connecting them by vertical covalent bonds [ Fig. 15(a) ]. This structure is characterized by the geometric parameters b (side of the rhombic structural unit) and the interlayer spacing h. The bond length between Si atoms is d 1 = b/ √ 3 within each layer and h between the layers. In the AA structure, both layers are buckled, and the buckling of one layer (A ) is inverted with respect to the buckling of the other layer (A) [ Fig. 15(b) ]. As a result, half of the interlayer distances are short, leading to the formation of covalent bonds, and the other half of the distances are longer and covalent bonds do not form. The geometric parameters of the structure are b (defined above), the in-layer bond length d 1 , the interlayer bond length d 2 , and the split width of each layer ∆. The distance between the layers is h = d 2 + ∆. Finally, in the AB structure, two buckled silicene layers A and B are stacked together so that half of the atoms of one layer project into the centers of the hexagonal units of the other layer [ Fig. 15(c) ]. The remaining half of the atoms project onto each other and form vertical covalent bonds. As with the single-layer silicenes, it has not been possible so far to isolate free-standing bilayer silicene experimentally. The cohesive energies E c and geometric parameters of three bilayer silicenes computed with four interatomic potentials are compared with DFT data in Table VIII. The Table also shows the energies ∆E of the buckled bilayers AA and AB relative to the planar bilayer AA p . None of the potentials matches the DFT calculations accurately. However, the present potential displays the closest agreement. The MOD potential incorrectly predicts that the buckled structures AA and AB are more stable than AA p (negative ∆E values), which is contrary to the DFT calculations. It should be noted that all four potentials predict virtually identical properties of the AA and AB silicenes. This is not surprising: considering only nearest neighbor bonds, the local atomic environments in the two structures are identical. Their DFT lattice parameters b are indeed the same (3.84Å), 86 but the DFT energies are different (0.33 and 0.17 eV/atom, respectively; 86 our potential gives ∆E = 0.12 eV/atom for both). This discrepancy apparently reflects a common feature of all short-range Si potentials.
To assess thermal stability of bilayer silicenes, MD simulations were conducted for the same nano-ribbon, nano-flake and nano-tube configurations as discussed above. The most stable AA p silicene was chosen for the tests. The samples were heated up to 300 K and annealed at this temperature for 10 ns. The systems developed significant capillary waves, especially the nano-ribbon, but none of them collapsed (Fig. 16) . Although 10 ns is a short time in comparison with experimental times, these tests confirm that the bilayer silicene has a much greater bending rigidity and smaller reactivity in comparison with its single-layer counterpart. As such, it has a much better chance of survival in a free-standing form at room temperature.
In additional tests, the nano-flake was heated from 300 K to 1000 K in 6 ns followed by an isothermal anneal for 2 ns at 1000 K. The surface of the flake developed a set of thermally activated point defects, such as ad-atoms and locally buckled configurations, but the flake itself did not collapse. This again confirms the significant thermal stability of the bilayer silicene, possibly even at high temperatures. The same tests were conducted with all four potentials and the results were qualitatively similar. With the MOD potential, the initial AA p silicene quickly transformed to the more stable buckled structure, but the system still did not collapse.
VIII. DISCUSSION AND CONCLUSIONS
Silicon is one of the most challenging elements for semi-empirical interatomic potentials. It has over a dozen polymorphs that are stable at different temperatures and pressures and exhibit different coordination numbers and types of bonding ranging from strongly covalent to metallic. The diamond cubic phase displays a rather complex behavior with several possible structures of point defects, a number of surface reconstructions, and an increase in density upon melting. It is not surprising that the existing Si potentials are not nearly as successful in describing this material as some of the embedded-atom potentials for metals. [88] [89] [90] In this work, we developed a new Si potential with the goal of improving some of the properties that were not captured accurately by other potentials. For comparison, we selected three potentials from the literature that we consider most reliable 7,14 or most popular.
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Extensive tests have shown that the present potential does achieve the desired improvements, in particular with regard to the vacancy formation energies, surface formation energies and reconstructions, thermal expansion factors and a few other properties. The potential is more accurate, in comparison with other potentials, in reproducing the DFT data for the novel Si polymorphs h-Si 6 and Si 24 without including them in the fitting database. But the tests have also shown that each of the four potentials has its successes and failures. The present potential makes inaccurate predictions for the energies of high-lying Si polymorphs (although their atomic volumes are quite accurate), for the latent heat of melting, and for the short-range order in the liquid phase. The MOD potential 7 has its own drawbacks mentioned in Section I. The MEAM potential 14 grossly overestimates the phonon frequencies and thermal expansion factors, in addition to the incorrect {100} surface reconstruction. The SW potential successfully reproduces the surface energies and thermal expansion factors but predicts a positive Cauchy pressure and systematically overestimates the atomic volumes of Si polymorphs (as does the MEAM potential). The potentials were put through a very stringent test by computing the binding energies of small Si n clusters. Such clusters were not included in the potential fitting procedure and are traditionally considered to be out of reach of potentials unless specifically included in fitting database. Surprisingly, the present potential, the MOD potential, 7 and especially the MEAM potential 14 reproduce the general trends of the cluster energies reasonably well (Fig. 10) . In many cases, the ranking of the energies of different geometries for the same cluster size n agrees with first-principles calculations. The SW potential is less accurate: it systematically under-binds the clusters and makes more mistakes in the energy ordering. Encouraged by the reasonable performance for the clusters, we applied the potentials to model single-layer and bilayer silicenes, which were not included in the potential fitting either. While none of the potentials reproduces all DFT calculations accurately, they generally perform reasonably well. One notable exception is the MOD potential, which under-binds the √ 3 × √ 3 dumbbell structure of the single-layer silicene and fails to reproduce the correct ground-state of the bilayer silicene. Furthermore, all four potentials predict identical energies of the AA and AB bilayer silicenes, whereas the DFT energies are different. Other than this, the trends are captured quite well. The present potential demonstrates the best performance for the bilayer silicenes.
Experimentally, silicenes have only been found on metallic substrates. Whether they can exist in a free-standing form at room temperature remains an open question. Evaluation of their thermal stability requires MD simulations of relatively large systems for relatively long times that are not currently accessible by DFT methods. Although interatomic potentials are less reliable, they can be suitable for a preliminary assessment. The MD simulations performed in this work indicate that single-layer silicenes are unlikely to exist in a free-standing form. Their large bending compliance and chemical reactivity lead to the development of large shape fluctuations and eventually the formation of covalent bonds between neighboring surface regions at or below room temperature. By contrast, bilayer silicenes exhibit much greater bending rigidity and lower surface reactivity. Nanostructures such as nano-ribbons, nano-flakes and nano-tubes remain intact at and above room temperature, at least on a 10 ns timescale. The fact that this behavior was observed with all four potentials points to the generality of these observations and suggests that freestanding bilayer silicenes might be stable at room temperature. Of course, this tentative conclusion requires validation by more detailed and more accurate studies in the future.
The four potentials discussed in this work are likely to represent the limit of what can be achieved with short-range semi-empirical potentials. Further improvements can only be made by developing more sophisticated, longer-range, and thus significantly slower potentials. Analytical bond-order potentials offer one option. 19, 20, 91 Recent years have seen a rising interest in machine-learning potentials. [92] [93] [94] [95] [96] [97] While even slower, they allow one to achieve an impressive accuracy of interpolation between DFT energies, in some cases up to a few meV/atom. However, the lack of transferability to configurations outside the training dataset remains an issue.
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